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PART A (Graded by Nick)

PROBLEM 1 (3+3+3+3+3 points)

Translate the following languages over ¥ = {a, b} from English description to regular expression or
vice versa. Limit each description to one line.
(A) L ={w € ¥* : the second letter of w is the same as the last letter A |w| > 2}
B) L={weX*:w=o0p01---0k, k€N, where all characters with even indices are the same}
C) (a(aUb)*db) U (b(aUb)*a)
D) (b*abbb*) U (b*bbab*) U (b*babb™) U (bbb*)
A) YaX*a U XX bU XY
) () (aUz) U (b)* (b Ue).
) L ={w e ¥*: the first letter of w is different from the last letter, |w > 2|}
) L ={w € ¥*: w has at least two b’s and at most one a}.
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PROBLEM 2 (15 points)

Using regular expressions, prove that if L is a regular language then the reversal of L, LT = {w’
w € L}, is also regular. In particular, given a regular expression that describes L, show by 1nduct1on
how to convert it into a regular expression that describes L®. Your proof should not make recourse
to NFAs.

We use structural induction. First some notation: given a regular expression R, let R be the
regular expression, if it exists, for the language L(R)®. Now, given a language L, let R be a regular
expression for L. We show that L(R)® is a regular language described by regular expression R,

1. R = a for some a € X, or R = ¢, or R = (). In either of these cases, we can quickly show
L(R)® = L(R), so L(R)" is regular, and R = R.



2. R = R; U Ry, for some regular expressions Ry, Ro. In this case, L(R) = L(R;) U L(Rz). We
know that

we L(R)F «— w e L(R)
— wf e L(R)) OR w € L(Ry)
«— we L(R)" OR w € L(Ry)"
— we LR)TULR)E .
So L(R)® = L(R1)® U L(Ry)*®. But by inductive hypothesis, L(R;)® and L(R2)* are regular

and described by RF and R%, so their union is regular, so L(R) is regular, and is given by
REURE.

3. R = Rj o Ry, for some regular expressions Ry, Ry. In this case, L(R) = {axy : x € L(Ry),y €
L(R3)}.

we LR «— w?® e L(R)
— wll=2y:2 € L(R1),y € L(Ry)
— w=1y%?: z e L(R)),y € L(Ry)

— w=yz:zc L(R)% ye LR)®.

So L(R)" = L(Ry)% o L(Ry)". But by induction hypothesis, both of these are regular and
given by R and RE, so their concatenation is regular and we deduce R = RE o RI.

4. R = R}, for some regular expression R;. In this case, L(R) = {w’ : w € L(Ry),i € N}.
Therefore L(R)® = {(w")® : w € L(Ry)}. We know that (w’)f = (wf)!, so this is {w’ :
w € L(Ry)®,i € N}; but this is just (L(R1)®)*. By structrual induction hypothesis, L(R;)"
is regular and described by R{z, so by closure under Kleene star, L(R)" is also regular and
given by (RF)*.



