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PART A (Graded by Louis and Francisco)

Note: You may use implementation-level descriptions (Lecture 14, slide 14) for this part of the
problem set unless the problem specifies otherwise.

PROBLEM 1 (3+3 points)

Consider the Turing machineM = (Q,Σ,Γ, δ, q0, qaccept, qreject) whereQ = {q0, q1, q2, qaccept, qreject},
Σ = {a, b}, Γ = Σ ∪ {t}, and δ is described by this state diagram:
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(A) Give the sequence of configurations when M is run on input aabbaaaa.
(B) Describe informally how M transforms an arbitrary input string.

(A) q0aabbaaaa
aq1abbaaaa
abq2bbaaaa
abbq2baaaa
abbbq2aaaa
abbbaq1aaa



abbbabq2aa
abbbabaq1a
abbbababq2t
abbbababtqaccept

(B) M sweeps left to right replacing the second in any pair of consecutive as with a b. This ensures
that every a is followed by a b in the string left on the tape. Note that changes made during the
sweep affect the remainder of the computation.

PROBLEM 2 (5+5 points)

(A) Prove that the decidable languages are closed under union.
(B) Prove that the Turing-recognizable languages are closed under intersection.

(A) Suppose L1 and L2 are decidable languages. Then there exist Turing machines M1 and M2 that
decide them. We can construct a 2-tape Turing machine M which, on input w, copies w from the
first tape to the second tape, repositions both heads at the start of the tapes, and then simulates
M1 on the first tape. If M1 accepts, then M accepts. If M1 rejects, then M simulates M2 on the
second tape. If M2 accepts, then M accepts. Otherwise, M rejects.

Claim: M decides L1 ∪ L2. Suppose w ∈ L1 ∪ L2. Then either w ∈ L1 and M1 accepts w or
w ∈ L2 and M2 accepts w or both, by definition of union. This implies that one of M1 or M2 will
accept w. By the construction of M , M will therefore accept w. Conversely, suppose w /∈ L1 ∪L2.
Then by definition of union, w /∈ L1 and w /∈ L2 and M1 and M2 will both reject w. By construction
of M , M will therefore reject w.

(B) Suppose L1 and L2 are Turing-recognizable languages. Then there exist Turing machines M1

and M2 that recognize them. We can construct a 2-tape Turing machine M which, on input w,
copies w from the first tape to the second tape, repositions both heads at the start of the tapes,
and then simulates the first step of M1 on the first tape, simulates the first step of M2 on the
second tape, simulates the second step of M1 on the first tape, simulates the second step of M2 on
the second tape, and so on. If one of the computations halts then computation continues on the
other tape at every step. When computation halts on both tapes, M accepts if and only if both
machines accepted.

Claim: M decides L1 ∩ L2. Suppose w ∈ L1 ∩ L2. Then by definition of intersection, M1 and
M2 will both accept w. And hence by construction, M will also accept w. Conversely, suppose
that w /∈ L1 ∩L2. Then by definition of intersection, one of M1 or M2 will fail to accept w. Hence,
by construction, M will also fail to accept w.



PROBLEM 3 (7+7 points)

(A) Let L = {〈D, k〉 : D is a DFA that accepts exactly k strings, where k ∈ N ∪ {∞}}. Show that
L is decidable. (Hint: Show how to find a p such that L(D) is infinite iff L(D) contains a string
whose length is between p and 2p.)

(B) Let L = {〈M〉 : M is a TM that accepts at least one string in Σ∗}. Show that L is recogniz-
able.

(A) From the pumping lemma (Sipser p. 78), we know that for p = number of states in a DFA, if
the DFA accepts any string of length at least p, it must accept infinitely many strings.

The following is a decider for L:
D = On input 〈D, k〉:

1. Let p be the number of states of D. Simulate D on all strings w, where p ≤ |w| ≤ 2p.

2. If D accepts any string of that length, the language is infinite, so accept if k =∞, and reject
if k 6=∞.

3. If D rejects all strings of that length, then simulate D on all strings of length less than p.
Count the number of accepting strings, and let that number be c. If k = c, then accept.

4. Otherwise, reject.

Now if D accepts some string of length greater or equal to p, then D accepts infinitely many strings.
If D rejects all strings of length between p and 2p, then by the pumping lemma, we can deduce
that D rejects all string of length greater or equal to p. (If D accepts w and |w| ≥ 2p, then, letting
w be the shortest string accepted by D of length at least p, we see that |w| ≤ 2p because otherwise
we can pump down w to get a shorter string.)

Note: It was also possible to do cycle detection on the DFA graph directly to tell whether the
language was infinite. If you do that, you need to be careful that you only look for reachable cycles
from which it is also possible to reach an accept state.

(B) We’ll construct a recognizer R for L. Given input 〈M〉, R will simulate M on all strings in
Σ∗ in parallel by using dovetailing, accepting if any of those computations accept. Thus R will
eventually accept 〈M〉 if M accepts any string, and will run forever otherwise.

Note: remember that if you just run an arbitrary TM M on some string, it may not halt. Therefore
dovetailing is crucial here–if we just run M on all strings in Σ∗ in order, it may loop on the first
one and never get to the others. As a reminder, dovetailing computations of M over some set of
strings means running the M for 1 step on the first string, then for 2 steps on the first two strings,
and so on. Eventually, this will get to all strings and all numbers of steps, so if M accepts any
string w after k steps, this method will terminate.


